Introduction
The molecular or Chemical description of graphene (in real space) has been largely overlooked in the literature compared to the "crystalline" or Physical picture (in k-space), which are clearly interrelated (but not in a simple or direct way). Combining and bridging the two approaches in a fully transparent and intuitive way using a novel and powerful method, one should be able to derive, re-examine, rationalize, and expand in an insightful way the origin and deeper roots of all unusual and exotic characteristics of graphene [1] [2] [3] [4] [5] [6] [7] [8] ; and "translate" in both languages all the uncommon and abstract concepts used in their description [1] [2] [3] [4] [5] [6] [7] [8] (such as Dirac cones, Berry phases, topological insulators etc), including "molecular" aromaticity. 2, [8] [9] Surprisingly enough, this "one-body" (or, more precisely, "many one-body") compound approach, applied to a highly correlated electronic system, is proven capable of (at least qualitatively) reproducing results and conclusions obtained by many-body theory and other more sophisticated methods [5] [6] [7] [8] , together with totally new and novel results and insight. Obviously, since all such concepts have been defined and introduced in k-space language, their "molecular" kspace analogues, or their molecular roots, could not be expected to be defined in the same mathematical way (nor in one-to-one correspondence), but should be conceptually "similar". This is the plan of the present paper, which is proven very fruitful by revealing "exotic" properties of graphene. It is the geometrical/topological constrains which lead to the characteristics of topological insulators with gapless edge states inside the gap, but only for rectangular nanographenes; whereas, it is (mainly) the coupling between "bulk"
and "surface" frontier orbitals, implied by the shell structure which prohibits edge states in hexagonal graphene samples, as will be illustrated below. The method followed here has evolved in recent years through successive (and successful) attempts made by the present author to approach graphene sequentially or "dynamically" as a huge molecule, through well-defined sequence(s) of aromatic polycyclic hydrocarbons (PAHs) and nanographenes (NGRs) of various geometries [1] [2] , in view of the sensitivity of graphene properties on geometry and size [3] [4] . For hexagonal graphene samples, the "main sequence" of PAHs, through which the shell model is defined 1 is used to approach graphene in section 2, where it is shown that the shell structure coupled with inversion symmetry breaking in the trigonal (D3h) sublattice(s) of the hexagonal (D6h) honeycomb lattice, is responsible for the puzzling behaviour of the main sequence PAHs and (hexagonal) graphene(s). At the molecular scale this behaviour is manifested as a dynamical flipping of the pz atomic orbitals in the two sublattices of graphene. For rectangular graphene(s) and NGRs the inversion symmetry breaking associated with sublattice and "space group" symmetry conflict leads to more novel results, as the appearance of gapless topological states, which are missing in hexagonal PAHs and NGRs. This is described in section 3; while the key conclusions of the present study are compiled in section 4, and a brief description of the theoretical and computational framework is summarized in section 5. in Fig.1 ) consisting of n hexagonal monocyclic rings surrounding each other in a form of n "babushka"-like Russian dolls.
FIGURE 1.
The first seven members and their stoichiometry of the "main sequence"
PAHs bridging benzene to graphene, which are characterized by the "shell number" n (n=1-7). The aromaticity patterns based on the NICS(1) aromaticity index 10 , describing the aromatic (or "full") rings are given with red (on line) dots at the centers of the rings;
whereas the non-aromatic (or "empty") rings are shown for emphasis with yellow color (on line). The frontier MOs are shown on the lower (HOMO) and upper (LUMO) parts of the figure, together with their symmetry labels (representations).
Obviously, the intra-shell interactions are in general expected to be stronger than the inter-shell ones. It can be verified in Fig.1 that as n alternates between odd and even numbers several other physical quantities alternate as well:
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"Bridging the Physics and Chemistry of graphene(s) …." 6 (a) the symmetry of the highest occupied and of the lowest unoccupied (HOMO, and LUMO respectively) molecular orbitals (MOs) alternates also between even and odd parity (see Fig. S1 ).
(b) together with the aromatic ('full") and non-aromatic ("empty") rings, shown with red and yellow circles, respectively at their centers. The HOMO-LUMO gap variation as a function of the number of carbon atoms, NC=6n 2 , is shown in Fig. S3(a) , which suggests that HOMO and LUMO orbitals eventually touch along the fermi level line. The deeper reason for such alternations, as will be further explained below, is inversion symmetry (present in the "space group") in conjunction with "sublattice" symmetry, which is different from the overall ("space group") symmetry (see Figs. S2(b), S2(c), and S2(d)) and does not include inversion. Obviously, the "sublattice structure" is really meaningful for the infinite "crystal". For the finite models of Fig.1 (or S2) for which not translational invariance has been explicitly introduced, the difference between carbons at sublattices A or B comes into play through the different "environment" (chirality in particular) at the two sites. As is shown in Fig. 1 , the filled rings of the PAH with shell number n consist of the empty (core) rings of the PAH with shell number n-1, which Zdetsis, A. D.
"Bridging the Physics and Chemistry of graphene(s) …." 7 plays the role of the "soft core" in the shell structure (see Fig. S2 (a)), and the periphery (valence) annulene ring (n). This is a consequence of the coupling relations (S1), (S2), (or eqs. 12, 13 in ref. 1). Thus, the full sequence of the "full" and "empty" rings, together with the "full" structure and symmetry of HOMOs and LUMOs, can be generated easily in a straightforward way for each and every one of the PAHs of the "main sequence", and obviously all the way to graphene (n→∞). This is because, as was mentioned above HOMO and LUMO orbitals as well as between "full" and "empty" rings "propagates" as n increases, presumably all the way from n=1 (benzene) to n →∞ (graphene). Clearly, such interchange for finite size PAHs should be interpreted as "coupling" of the corresponding properties in the limit of n→∞ (infinite graphene), since the results for n and n+1 (or n-1 and n) should be identical. The special significance of these results for graphene, seen as a gigantic PAH (in the limit of n→∞) is obvious (see supplementary information pp. S2-S6, and further the present analysis, the results and properties in Table S1 , describing the dynamical (coordinated) coupling of the two "phases" (or "stages") for all interrelated properties, should be connected by topological (geometrical) and physical aspects at the fundamental atomic level. To this end, consider whereas the odd (u) representations reflect the full lattice (and the corresponding aromaticity) symmetry (i.e. hexagonal, D6h). Thus, the corresponding aromaticity patterns reflect the sublattice "trigonal" symmetry (Clar type, CIRCO) on one hand, and the full "space group" hexagonal CO aromaticity patterns, respectively. Therefore, the Table S2) are the results of the tendency to balance the symmetries of the sublattice with the overall ("space group") symmetry. The key to this balance is inversion symmetry, which is satisfied in the overall symmetry group (D6h) but missing in the sublattice group (D3h).
One could also see the "sublattice effect" (through the flipping of the pz AOs) as an analog of a ferromagnetic-antiferromagnetic transition (compare the a2u and b2g or the π1 and π6 MOs in 3. Rectangular Nanographenes and Nanoribbons. Obviously, for non-hexagonal NGRs, although the region of the central hexagonal core could be still somehow defined, the surface shell is not always meaningful or unique (and, obviously, non-isotropic).
Furthermore, due to symmetry lowering the degeneracy of the 2D frontier MOs e1g and e2u (π2, π3 and π4, π5 in Fig. 2 ) will be lifted and each 2D MO will be reduced to two 1D
MOs of proper symmetry; while the coupling relations (S1), (S2) for non-hexagonal samples are no longer true or meaningful (at least as they are, without modification).
Therefore, a decoupling of core and surface frontier MOs would be possible and should be expected, leading to surface-localized HOMOs and/or LUMOs (at the zigzag edges,
where the sublattice symmetry is broken). This will be discussed more thoroughly further below. It should be stressed at this point that although the shell-model was derived for hexagonal PAHs, the shell structure is a much more general effect, unfolding the coresurface interrelation and manifested through the periodicity of aromaticity patterns for both hexagonal and rectangular NGRs as more new surface layers are added. Such periodicity was recognized well before 2 the shell model was established and the shell structure was revealed 1 or understood. This is why aromaticity is a good starting point for unifying the shell-structure description of hexagonal and rectangular NGRs (and GNRs). The geometrical/topological and (therefore) aromatic relationship(s) between rectangular and hexagonal NGRs are illustrated in Fig. 3 , in which the rectangular NGRs consisting of Z zigzag rings and A armchair rings at their edges are labeled as ZxA. usually defined by the number of carbon atoms across the zigzag edges [14] [15] [16] , which in terms of Z is given by W=2Z+1; whereas their length (in the very rare cases it is consider) is simply given in terms of the number of carbon atoms along the armchair edges, L (L=2A). Thus, the AGNRs in Fig. 3 (c) from bottom to top are characterized by W=5, 7, and 9, respectively and L=20; and those of Fig. 3(d) (successive) shell numbers, shown by non-integer shell numbers in Fig. 3(a) and cannot be assigned a unique shell number. In addition, the new D2h MOs could be further distinguished in core-like and surfacelike, since the coupling relations (eqs. S1, S2) are no longer valid. This is illustrated in Such difference between occupied and unoccupied states is related with the electronelectron Coulomb interaction, which is operative between electrons in occupied MOs, as will be seen further below. The important conclusion of this discussion thus far is that the lowering of symmetry from hexagonal (D6h) to rectangular (D2h) pushes the resulting occupied edge HOMOs higher in energy, while the unoccupied edge LUMOs are pushed lower in energy. As a result, the HOMO-LUMO gap between edge ("surface") states is progressively diminishing (ΔE=0.02 eV for the edge states in Fig. 4) , approaching zero at infinity. Thus, these states are essentially gapless (protected by inversion symmetry), as would be expected for topological edge states. These edge states are clearly nonbonding, and their full characteristics are primarily determined by geometrical and topological factors and not so much by the Chemistry of the sample; and additionally, due their small range of localization they do not contribute significantly to transitions from occupied to unoccupied states. Thus, the effective HOMO-LUMO gap (with efficient transitions, and relatively large oscillation strengths) should be considered the energetical distance between the bulk-like HOMO-1 and the corresponding LUMO+1, i.e. the "bulk gap". [12] [13] By comparing to Fig. 2(a) , it becomes clear these orbitals should indeed be real HOMO and LUMO, since they both originate from the π2 and π4 HOMO and LUMO orbitals, respectively, of the hexagonal "parents", compatible with D2h symmetry (the π3 and π5 , which are incompatible with rectangular symmetry are Zdetsis, A. D.
"Bridging the Physics and Chemistry of graphene(s) …. " 20 reduced to the practically isoenergetic edge states). In this respect it is very interesting to compare in Fig. 3 (a) the real (standard) HOMO-LUMO gap of the "parent" n=3
hexagonal PAH, CIRCO (C54H18), with the effective HOMO-LUMO gap one of the rectangular 4x4 offspring; The former is 2.8 eV, while the later 2.9 eV in very good agreement. Moreover, such (π2-π4) values are very close to the experimentally measured HOMO-LUMO gap [12] [13] [14] [15] [16] (or the "optical gap", determined by transitions with "relatively high" oscillator strength, which are dominated by HOMO* to LUMO* excitations), [12] [13] as well as many-body calculations 20 for AGNRs similar to the ones studied here. It must be emphasized at this point that all these features (1 st , 2 nd , 3 rd ) are based on the shell model (which is founded on physical and topological principles 1 ), and (inversion) symmetry requirements (and conflicts) of the full group ("space group") and the sublattice structure. This is explained better in the upper part of Fig. 5(a) , where the role of the sublattice symmetry is illustrated in more detail. As is clearly seen, the sublattice symmetry is C2v with no center of inversion, whereas the full symmetry group (or "space between edge states as well as between core states, as would be expected, since they both come from the decoupling of the "original" hexagonal "core + surface" e1g and e2u MOs.
Finally, as can be seen from Fig. 5 (b) the "effective" (or "core") HOMO-LUMO gap 12 for the AGNR of the figure (with W=9, L=20) comes out to be 2.0 eV in excellent agreement with the 2 eV value for the energy gap obtained by many-body theory (using the Green's function method in the GW approximation). 20 Zdetsis, A. D.
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Conclusions.
The most fundamental and concise conclusion of this work should be that all exotic properties of graphene are simply macroscopic manifestations of aromaticity, which seems to be a topological property after all. Aromaticity is the key common property of benzene and graphene, which is actually (in all respects) a "super benzene". These ideas and conclusions were obtained using the simplest and most transparent way based on the principles and conclusions of the shell model, 1 coupled with geometrical and topological arguments, connected with inversion, which is of crucial importance for the "balance" between sublattice and space group symmetries, because inversion interchanges sublattices. At the microscopic (molecular) level the combined use of shell structure and symmetry requirements leads to:
• HOMO-LUMO coupling (appearing as HOMO and LUMO parity interchange as the shell number increases, alternating between odd and even numbers) in the hexagonal PAHs of the "main sequence", used as a molecular bridge from benzene to graphene.
• Coupling between "full" and "empty" benzene-rings.
• The coupling and interchange of the HOMO-LUMO orbitals, which is also associated with a coordinated interchange of aromatic and non-aromatic rings, is taken place through the dynamical flipping of (orientation of) the pz AOs in different sublattice sites.
• This could be also seen as Δθ=π phase-change in the corresponding wavefunction(s) or as a valence/conduction band inversion with opposite parities, in full agreement with many-body and topological insulators theory.
• Gapless topological edge states appear only in rectangular (in juxtaposition to hexagonal) NGRs or AGNRs, as a (topological) result of sublattice frustration (or, equivalently, as a pseudospin staggering effect).
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• Contrary to opposite claims in the literature, these gapless edge states are not in reality spin polarized, but pseudospin polarized.
• Finally, it should be remembered that the resulting real ("effective") HOMO*-LUMO* gap of ≈2.0 eV, between the π2-π4 MOs, which are compatible with rectangular symmetry, obtained here (after neglecting the non-bonding gapless edge states) for the Z=4 (W=9) AGNRs in Figs. 4 and 5 is in excellent agreement with the energy gap obtained by sophisticated many-body theory, using the GW approximation 20 , and relevant experimental data 16 .
Methods.
The theoretical and computational framework of this work, which includes a multitude of systematic and interconnected (one-body) DFT calculations on PAHs,
NGRs and GNRs (AGNRs) of given symmetry, has been discussed earlier, 1-2 together with the technical details. In the present work the "main sequence" of hexagonal PAHs, which defines the shell structure, has been expanded and extended to include analogous rectangular NGRs and GNRs (AGNRs), analyzed in terms of simple group theory and topological concepts and connections. All geometrical structures have been optimized (or reoptimized) using tight convergence criteria at the DFT level of the hybrid PBE0 21 functional using the 6-31G(d) basis set, as is implemented in the GAUSSIAN program package 22 . This level of theory, used consistently and uniformly for all structures small and large (for all related properties), is fully adequate for such calculations, as was pointed out earlier 1-2 .
